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SUMMARIES 
The trigonometric tables of al-K&hi in his Zij-i --: 
Khaqani are described and the degree of their accuracy 
is investigated. Also, his account of the particular 
interpolation schemes based on the numerical material 
of the tables is translated into English and given 
with a commentary. 
Nous decrivons les tables triponom6triques du Zidj 
Khaqani d'A1 Kachani. Les M&hodes particulikres d'inter- 
polation des valeurs num&iques des tables sont tradui- 
tes en anglais et comment&es. 
In dieser Studie werden die Trigonometrischen 
Tabellen von al-K&h; in seinem Z?j-i Khdqdn: besch- 
rieben und deren Genauigkeitsgrad untersucht. Sein 
Bericht iiber die speziellen Interpolations schemato, 
basierend auf numerischen Materialien der Tabellen, 
ist in Englische iibersetzt und mit einem Kommentar 
versehen 
1. INTRODUCTION 
This paper describes the trigonometric tables of al-K&h? 
and analyzes the relevant text contained in the astronomical 
volume, the Z?j-i KhZqdni. (For an abstract of this and other 
zijes mentioned in this paper, see Kennedy [1956].) Some inter- 
polation rules and a worked example based on the numerical 
material of the sine table are also analyzed. 
The manuscript source is Ethg 2232 [India Office Library MS 
Persian 4301, one of the extant copies of the Zij-i KhdqZn? by 
Jamshld GhiyBth al-Din al-K&hi (c. 1420), a famous scientist 
and mathematician of 15th-century Iran. Photographs of the 
sine and tangent tables and the relevant text were kindly supplied 
to this writer by the authorities of the India Office Library, 
London. 
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The source defines the trigonometric functions, sine, cosine, 
versed sine, tangent, and cotangenttin the second and third 
sections of Chapter 1, Treatise II (f. 26v, lines 3-23; f. 27r, 
lines l-20), and presents tables for the sine and tangent func- 
tions (ff. 35v-42r). The sine table is displayed to four sexa- 
gesimal places, for each minute of arc from 0 to 90'. The tan- 
gent table is first tabulated for each minute of arc from 0 to 
450, then for every five minutes of arc from 45 to 89;55O. How- 
ever, the latter part of the tangent table is incomplete,.with 
four columns left partially blank, perhaps to be filled in later. 
For some reason unknown to us, the author or the copyist did not 
do this. 
In Section 2, the notation used in this paper is defined. 
Section 3 is devoted to the sine table and presents a transla- 
tion of the relevant lines of the text which explain how the 
tables can be used, describe two interpolation schemes to be 
employed in the tables, and apply them to a worked example. 
Section 4 comments on the text and investigates the interpolation 
procedures from a geometrical point of view. The tangent table of 
the source is briefly discussed in Section 5. Finally, Section 6 
mentions our transcriptions of the tables and discusses their 
precision. 
A sample of our transcription of the sine table, needed for 
understanding the worked example of the text, is given in Section 
5. Our complete transcription of the tables is not reproduced 
in this paper. However, the writer will send copies or further 
samples to any interested reader. 
2. NOTATION 
Al-Kashi takes the radius R of the circle for the definition 
of the trigonometric functions to be 60, as was common in his 
time. This necessitates frequent division and multiplication by 
R = 60. However, since the same number is the base of the place- 
value number system employed, the inconvenience entailed is slight. 
It involves only (in our terms) displacement of the "sexagesimal 
point" one digit to the left or right, respectively. We use an 
initial capital letter to denote the medieval functions. Hence 
the relation between al-Wshl's sine (written Sin) and the modern 
function is 
Sin x = R sin x; (1) 
similarly for all other trigonometric functions. This writer 
has transcribed the tables of the source by taking relation (1) 
into account and dividing al-KZshi's values by R. 
Numbers are also written in the sexagesimal system here. But 
they are expressed in the abjad numerals in the source; that is, 
the Arabic letters represent the numerals [Irani 19551. We 
have adopted the standard technique of using a semicolon to in- 
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dicate the sexagesimal point and commas to separate the sexages- 
imal digits. For example, 10;48,7,30 means 
10 + 48/60 + 7,'(60)2 + 30/(60)3 = 10.8020832, 
to nine decimal places. 
3. THE SINE TABLE 
The sine table of the source appears on folios 35v-39v. It 
is computed for each minute of arc and tabulated in a special 
manner which will be explained below. First, however, we give 
a free translation of the relevant lines of Chapter 2 of the 
Z?j-i KhZqZn? (f. 26v, lines 7-19). They explain how to use 
the table and also describe some interpolation schemes for the 
determination of the sine of an arc which has seconds and thirds. 
Numbers in parentheses indicate beginnings of lines in the text; 
our explanatory material is also given in parentheses. We note 
that al-WshI's lack of negative numbers obliges him to consider 
only the magnitudes of the trigonometric functions. 
(7) . . . and if we want to determine the sine of an arc 
(x) we see if that arc is less than a quadrant, (8) (if 
so) then we enter with it (in the table) as it is, and 
if it is greater than a quadrant and less than half of 
the circle (90° < x < 180") , then we shall subtract it 
from half of the circle (i.e., find 180' - x), and if 
it is greater (9) than half of the circle and less than 
three quadrants (180' < x < 270°) we subtract half of 
the circle from it (i.e., find x - 1800), and if it is 
greater than three (10) quadrants (270' < x < 360O)we 
subtract it from the circle (i.e., find 360' - x). We 
call the result the revised (munqih) arc. So with the 
revised (arc) we take from the top of the table what 
(11) corresponds to the degrees, and we take from the 
length of the table (what) corresponds to the minutes 
and add them. And, if there are seconds with the minutes 
(22) we take from the column of minutes what corre- 
sponds to it and depress (munhat) it (i.e., divide it 
by the base, R) once and add it (the result) to the 
values for the degrees and minutes . (13) - And, if we 
want it [bi-istqsa'l (more accurately) for the seconds 
tween the two rows. Example. (14) We wanted to determine 
the sine of 48;6,43,30. We found 0;44,35,19,17 correspond- 
ing to the degrees, and there was (15) 0;0,4,12,1 for the 
minutes, and for the seconds we depressed the minutes (i.e., 
we took the value corresponding to that number of minutes 
and divided it by R); it became 0;0,0,29,55, and for the 
thirds we depressed it twice (i.e., we took the value 
corresponding to that number of minutes and divided it by 
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6U2) ; it became 0;0,0,0,21. Then we computed their sum. 
For more accurate results we multiplied each of the seconds 
and thirds by the difference between the rows (17) which 
was 0;0,41,57. The result of multiplication of the seconds 
was 0;0,0,30,4, (18) and (the result) of multiplication of 
the thirds was 0;0,0,0,21. We added both (of these values) 
to the sine of the degrees and the minutes (19) in this 
way.... 
Table 1 
The easier method 
1 1 , III I" 
48 0;44, 35, 19, 17 
6 4, 12, 1 
43 29, 55 
30 21 
0;44, 40, 1, 34 
The more precise method 
, , f 111 fv 
48 0;44, 35, 19, 17 
6 4, 12, 1 
43 30, 4 
30 21 
0;44, 40, 1, 43 
At the end of Chapter 2, al-KZshi describes the inverse inter- 
polations associated with the above interpolation schemes. 
4. COMMENTARY 
We note that al-Kash? describes how his tables should be 
used and also goes through the steps for finding the sine of the 
arc 40;6,43,30' from his tables. We shall explain his steps, 
translated above in Section 3, in order to clarify the layout 
of his tables, and also comment on his interpolation schemes. 
We use the superscripts ", ', I', "I, to indicate degrees, 
minutes, seconds, and thirds, respectively. 
The transcription of half of folio 37v appears in Table 2. 
This part of the table is needed for understanding the example 
worked out by the author of the source. Entering the sine table 
on folio 37v with‘48O, al-KZsh? first finds sin 48O from the 
top of the table. This value is 0;44,35,19,17. The functional 
increment due to 6', found in the column headed by 48O and 
opposite 6 (in the column of minutes on the right-hand side), 
is 0;0,4,12,1. The increments of the sine function due to 43" 
and 30"' are approximated by two methods (see Table 1). In 
the first method, called the "easier" method, the functional 
increment due to 43" is approximated by dividing the correspond- 
ing increment due to 43' by 60, the base, and rounding off the 
result to four sexagesimal places. This gives al-K%hi 
0;0,0,29,55. Similarly, the functional increment due to 30"' is 
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Table 2 
Transcription of folio 37~ 
1 
7 
);42,25,35, 4 03~3, 9,37,24 
4 50 b6O 
; 
13,17,39 
14, 1.50 
13, 3,30 
1k,h6, 0 
13,46,5h 
:sS*:40J1Z 
llr,30,17 
16:5;0:26 
;;,;;.3;) 
16;40:22 
17,23,42 
18, 7, 1 
18,50,20 
19.33.38 
;y;n:; 
22,51, 4 
21;43;28 
2 35,s 
22,26,43 
2 I? ,19, 6 22:‘593~:~ 
24, 3, 6 
25,lr7, 5 
24;36;22 
26,31, 3 
25,l9,34 
26, 2,45 
;;';p$ 27,45,55 
28:42;51 5;v;;9'1i 7 
29,26,46 
30,10,40 
28;5;:19 
30,54,33 
29,38,25 
31,30,?6 
;;y; 
;;,‘y; 
33:49:59 
32,30,43 1:47: 0
;p;,';g ::$?:: 
36; l:25 
3h:39:48 
36,45,12 
37,28,58 
Y$.;pJ 
39:40:12 
;;.2;,;; 
41:51:19 
40,23,31 39,40, 6 
42,35. 0 
41, 6,25 
1~3,18,40 
41,49,18 
44. 2.20 
I) 
Note. Asterisks indicate restored values, and the originals 
are given below the table. 
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approximated by dividing the increment due to 30' by 60' and 
rounding off the result to four sexagesimal places; this yields 
0;0,0,0,21. These functional increments are added to obtain 
sin 48;6,43,30 = 0;44,40,1,34. 
Al-Kdsh? states that the above method is simple, but that 
there is a more precise method, which amounts to a single linear 
interpolation in the interval (48;6", 48;7'). His procedure and 
his calculations, expressed in our notation, are summarized below. 
A = sin 48;7 - sin 48;6 = 0;0,0,41,57. 
then 
sin 48;6,43 = sin 48;6 + 43 x A/60 
= 0;44,39,31,18 + 0;0,0,30,4 
= 0;44,40,1,22, 
and 
sin 48;6,43,30 - sin 48;6,43 + 30 x A/(60)' 
= 0;44,40,1,22 + 0;0,0,0,21 
= 0;44,40,1,43. 
This last value differs from the value obtained by the "easier" 
method of the text only in its last place. 
We note that no entry of al-Kashl's sine table (and also his 
tangent table) presented in the Zij-i Khaqani corresponds to 
functional values of arcs with minutes in them. That is, to 
determine the sine of, say 48;6, we must first find sin 48 from 
the top of table 1, where it is given as 0;44,35,19,17. Then we 
must add to it the increment due to 6', which is 0;0,4,12,1, to 
obtain 0;44,39,31,18 as the value for sin 48;6. 
Why did al-K&h? construct his tables in this complicated 
form? The answer may be that in this way the numerical material 
(i.e., the functional increments due to each minute of arc), 
appears in columns headed by the corresponding degrees to facili- 
tate the application of his particular interpolation rules for 
estimating the functional values of arcs which have seconds and 
thirds. This can be seen in the above example. 
We conclude this section by giving a geometric interpretation 
of al-KZshi's "easier" (inexact) interpolation scheme along the 
following lines. In effect he takes the section of the curve in 
the one-degree interval in which the given argument happens to 
fall and reduces it along both dimensions by the factor 1:60. 
The increment due to the seconds is then the height of the 
reduced section at the seconds digit of the argument. Obviously 
the technique is precise only for a linear function. In general, 
linear interpolation is more accurate (see Fig. 1). 
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- True value 
---- Linear interpolation 
I I0 
Figure 1 
For the thirds correction he reduces the same section of the 
curve a second time by the same factor, and he adds the height of 
the twice-reduced section at the thirds digit. This is even more 
unrealistic than the first correction. Figure 1 illustrates these 
ideas. 
5. THE TANGENT TABLE 
The tangent table of the Zyj-i KhSqZn? is on folios 40r-42r. 
It is computed to four sexagesimal places for each minute of arc 
on the interval (O', 45O) and for each five minutes of arc on 
the interval (45O, 89;55O). The layout is exactly the same as 
that for the sine table. This indicates that the interpolation 
schemes that were described for application in the sine table can 
also be used in the tangent table, since the numerical material 
needed (that is, the functional increments due to the minutes of 
arc) are provided in exactly the same form as that in the sine 
table. Moreover, the tangent values are also given for each degree 
of arc to five sexagesimal places in the first part of folio 41~. 
There is a short section on folio 27r, lines 11-20, entitled 
"On the Determination of the First (and) Second Shadows" (i.e., 
tangent and cotanget). The last few lines of this section, which 
relate to the tangent table of the source, are translated below. 
As before, parentheses are used to designate lines of the text or 
to insert explanatory material. 
(17) . . . And, since the first shadow (tangent) of 
the arcs that are greater than an octant of the circle 
(i.e., 45') are greater than (18) half of the diameter 
(R), and their values are large and are not (often) 
needed in astronomical calculations; therefore, they 
(the astronomers) give the first shadows (the tangents 
of the arcs within) an octant (19) of the circle, and 
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we have also given this here, in the same way as (we 
gave) the sine. We have (also) put down the (first) 
shadows of the arcs that are greater than an octant 
(of the circle) (20) up to a quadrant for five-minute 
increments. 
We note that on the interval (45O, 89;55'), the columns on 
folios 4lv and 42r headed by 5, 25, 35, and 55 minutes, have 
been left partially blank. Perhaps al-WshI first determined 
the tangents corresponding to each ten minutes of arc, from 45' 
to 89;50°, and then approximated the values for each five minutes. 
6. TRANSCRIPTION OF THE TABLES AND THEIR ACCURACY 
We have transcribed the trigonometric tables of the source 
and have computed the first and second differences of their 
entries. In order to determine the accuracy of these tables, 
we have also converted al-K&hi's values (given at the top of 
the tables), which correspond to each degree of arc, into the 
decimal system, and then compared them with known accurate values. 
This comparison shows that his values are correct to six decimal 
places. 
There is little point in reproducing these tables here in 
their transcribed form. They were overshadowed by the tables 
in the handbook of Ulugh Beg (c. 1440), which has a sine table 
calculated, for each minute of arc, to five sexagesimal places. 
Al-K&hi was also among the group of astronomers who produced 
the Ulugh Beg handbook [Kennedy 1956, 125; 1969, 3551. 
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